During deformation of structures consisting of metal sheets, like hull structures of ships during collision, large curvature bending and stretching can take place. Current finite element calculations using conventional shell elements show large dependence on the used mesh size and failure criteria. The ultimate goal of the work reported on here is the development of enhanced shell element which is able predict accurate failure by removing this limitation. In order to understand the initiation of plastic instability resulting in necking of sheet metal under large curvatures, the deformation is divided in bending and stretching contributions. The objective of this study is twofold, on the one hand understand the deformation behavior of stretching of sheet metal under large curvature, where the order in time plays a crucial role. And on the other the development of a generalised bifurcation condition for stretching under combined large curvature bending which can be incorporated in the enhanced shell element in a later stadium. In finite element package MSC.Marc Mentat different simulations under the plane strain assumption are performed. The stretching of sheet metal is simulated where the curvature is increased prior, simultaneous or afterwards. Results show significant dependence of neck initiation on the order in which the curvature increases. Semi-analytical modelling assuming rigid-plastic isochoric material behavior delivers a bifurcation condition for stretching under simultaneous curvature increase. The found condition is in good agreement with the numerical results.
Introduction
Schelde Naval Shipbuilding has introduced a new type of sandwich hull structure, with a Y-frame core between the inner and outer hull of the ship. This structure is schematically shown in the top right part of figure 1.1. Large scale experiments have shown the capability of the newly designed structure to withstand low velocity impact, where the conventional double hull design failed. Crash safety is improved and outflow of hazardous cargo can be prevented under certain circumstances (Vredeveldt et al., 2004) . This proof resulted in an adaptation of tank size regulations for inland waterway ships, making larger tank sizes possible. An economical benefit is obtained by the enlargement of the cargo tanks' capacity and the simultaneous reduction of the number of tanks. (Rubino et al., 2008) ) and a cross-section of the deformed test section (bottom right, source: Schelde Naval Schipbuilding).
The Y-frame structure is designed in such a way that the load is distributed over a large section of the hull and thus prevents tearing of the face-sheet. This is due to the relatively compliant weak upper section of the frame (Rubino et al., 2008) . In a large scale experiment conducted by TNO, in collaboration with different shipyards including the Schelde Naval Shipbuilding, a ship with a bulbous bow filled with concrete collided with a test section of the sandwich material with Y-frame core. As can be seen on the left in figure 1.1, the Y-frame structure prevailed, even upon a second collision on exactly the same section. The conventional structure failed to withstand the impact in an identical test.
At Schelde large scale finite element computations are performed on naval structures such as Y-core sandwich hulls. The energy absorption capacity of the structure and failure are of great interest in these computations. In most cases large sections of the ship are modeled by finite elements. To limit computation times, extensive use is made of shell elements. Typically, element sizes are used by the Schelde in such computations which are fives times the sheet thickness to keep the computation cost at an acceptable level. At these relatively large element sizes, results have been observed to be sensitive to the used failure criteria and mesh density. This problem can be related to the nature of shell elements (Ehlers et al., 2008) , as is shown using an example in section 2.1 of this report. The ultimate goal of the work reported on here, is to remove the above problem by developing an enhanced shell element, which on one hand is cheap to use and on the other predicts the initiation of failure accurately, even if the element size is large with respect to the sheet thickness.
During deformation of the Y-frame structure the metal sheets of which the beams are constructed, as well as the face sheets, undergo large amounts of stretching and bending, which can be seen in the left and bottom-right snapshots in figure 1.1. Our first concern is to gain more insight in the response of metal sheets under combined stretching and bending. This is done by dividing the deformation into bending and stretching contributions, where the order in which these components are applied in time plays a crucial role.
Localized necking and fracture are the two primary modes of failure anticipated for such deformations. In this report we focus on necking and disregard the possibility of fracture without any prior necking. Classically, in sheet-metal forming, necking criteria are presented by a forming limit diagram (FLD). However, FLDs, as well as the classical Considère criterion for uniaxial tension (section 2.3) cannot be used in predicting of failure under large curvatures. This due to fact that in this criterion the through thickness stress distribution is assumed to be constant. This condition is violated when imposing large curvatures during or prior to stretching, which leads to substantial gradients in radial direction. So there is a need for a new criterion to predict the onset of necking under combined stretching and bending. Developing such a criterion is the main objective of this report. It can later be used in the efficient shell element formulation for failure as discussed above. Furthermore, the detailed finite element simulations done to study the onset of necking as well as the post-necking response of the sheet can later be used to calibrate the shell element against.
The initiation of necking, dependent on the individual contributions, is studied within a finite element environment in chapter 3. Analytical modeling using some simplifications is used to substantiate and explain the finite element results, which is done in chapter 4.
Problem statement
As discussed briefly in previous chapter, the use of conventional shell elements to predict failure of naval structures has some limitations. In the first section of this chapter this limitation is illustrated using a simple example. Subsequently the strategy which is pursued to remove this limitation is explained. For planar stretching, Considère's criterion can predict the stretching limit of metal sheet, as long as the failure is governed by necking, as is further elaborated in section 2.3. The remainder of this report is on combined bending and stretching; the approach followed in defining this combined loading is elaborated in section 2.4. Finally the material model used throughout this report is detailed.
Mesh size issues
It is known that conventional shell elements fail to predict the right amount of energy dissipation in large deformations due to mesh dependence. In this section the mesh dependence of shell elements is shown and compared with the behavior of solid elements. In figure 2.1 a schematic representation of a cross-section of a sheet is given. Within MSC.Marc Mentat a model of this sheet of length 2l 0 and thickness h 0 can be constructed and discretised into either a number of shell elements or solid elements. Due to the large width, perpendicular to the plane of the sketch, a plane strain condition is assumed in this direction. The mesh dependence is demonstrated below using a simple tensile test on this sheet. Discretising the sheet in figure 2.1 into plane strain elements is fairly straightforward. On the left side a symmetry plane is used to account for the fact that only half of the length of the sheet has been modeled; nodes on this edge are free to move only in vertical direction except the node in the center. On the right edge a displacement is imposed in horizontal direction but the nodes are free to move in vertical direction. Due to these boundary conditions the sheet is free to contract in thickness direction. When discretising the sheet of figure 2.1 using shell elements, one only has to model the middle surface of the sheet, perpendicular to the plane of sketch, and attribute the correct thickness to the shell elements. The displacement boundary conditions are applied to the two nodes at the ends of the sheet. In the following analysis we use three-dimensional shell elements, whose lateral deformation (perpendicular to the sketch in figure 2.1) is constrained to impose a planar deformation.
Simulations using the shell elements and a large strain formulation are performed with increasing mesh density and the results are compared with the simulation using plane strain elements. Localisation is triggered by an imperfection which is made at the plane of symmetry, on the left side in figure 2.1. The material is elastoplastic with a power law material hardening. In figure 2.2 the response of a sheet discretised by 2560 plane strain elements is compared with that of a sheet discretised by n e = 1, 10, 40 and 80 shell elements. The normalised force is shown as a function of the average axial strain ε = ln(1 + u l0 ). The force here and throughout this work is normalised by dividing it by the initial cross-sectional area A 0 , which is in fact equal to the thickness of the sheet due to the fact that the width of the sheet is set equal to unity, and the initial yield stress σ y0 . The simulation using plane strain elements first shows an elastic regime which is followed by uniform plastic deformation up to the point where the maximum force is reached. From thereon a neck is formed at the imperfection, as can be observed in figure 2.3, and the sheet starts to lose its strength by a rapid decrease of the reaction force. Changing the mesh density does not have an appreciable effect on the response (not shown here). In the elastic regime and the first part of the hardening regime the shell element models show the same behavior as the plane strain model. The mesh dependence of the shell element simulations is apparent beyond the peak force. With increasing mesh density the softening and necking takes place at lower strains and the predicted amount of dissipated energy is lower. An important conclusion of the above example is that increasing the mesh density when using shell elements does not necessarily lead to convergence to a unique solution, let alone to the correct (post-peak) solution obtained by solid elements. This behavior can be explained by the discontinuity in thickness which is allowed by conventional shell element formulations. Since only one node is used in thickness direction, and only displacement and rotation degrees of freedom are associated with this node, the thicknesses of adjacent elements are not coupled. As a consequence, upon the initiation of necking, all further deformation localizes in a single element, whereas the other elements unload elastically. This effect is represented schematically figure 2.4. n e = 3 n e = 9
Figure 2.4: Thickness discontinuity when using shell elements in a tensile test on a sheet.
Upon increasing of the mesh density, i.e. increasing n e , the volume which enters the softening regime decreases and therefore a stronger softening is observed in the force-strain curve. This clearly contrasts with the smooth neck and force-strain response predicted by plane strain elements. For this reason conventional shell elements are unreliable in predicting post necking behavior of this simple tensile test and also of more complex structures and loadings, even if the element size is substantially smaller than the length of the neck. Similar problems are to be expected in simulating other failure mechanisms using conventional shell elements.
Continuum-based shell theories have also been developed (Parisch, 1995) which provide eight-node solid-like shell elements. These elements have the advantage of thickness distribution continuity. However, to capture neck formation the element size must be considerably smaller than the size of the neck, i.e. a fraction of the sheet thickness. Because one generally does not know a priori where necking will occur the mesh density must thus be large throughout the model, which makes them computationally expensive. Similarly modelling the sheet using solid elements would in principle work, as can be seen in figure 2.3, but is prohibitively expensive in three dimensional modelling.
Objective
We have seen above that on the one hand there is a need for cheap elements for large scale simulations and on the other hand neck formation and in a later stadium complete failure must be predicted. The ultimate goal of our efforts on the subject is the development of an enhanced shell element which is capable of accurately predicting failure of sheet metal by necking or by other mechanisms, under general loading conditions even if the element size is significantly larger than the width. In this report we take a first step towards this goal by developing a criterion for the prediction of solely neck initiation under combined tension and bending. Such a criterion could later be incorporated in standard shell elements to detect the onset of necking. When a likelihood of necking (or some other form of instability) is detected, special shell elements could be inserted (figure 2.5), the response of which has first been calibrated on detailed analyses such as the ones done in this report.
shell element special formulation 
Considère's criterion for planar stretching
Necking is the outcome of a competition between the hardening of the material on the one hand and the geometrical softening on the other. The force is obtained from the multiplication of the cross-sectional area A and the axial stress, i.e. F = Aσ. Geometrical softening results from the decrease in area A due to the axial stretching whereas the hardening due to plasticity results in an increasing stress σ. Initially, the hardening is usually stronger than the geometrical softening. As soon as the softening becomes dominant, however, and the force thus decreases, necking instability may occur.
Consider a sheet of original length l 0 and thickness h 0 which is stretched to a strain of ε = ln(1+ u lo ) at a constant strain rateε -cf. the tensile test in section 2.1. This leads to the normalised force strain behavior shown in figure 2.6. First the force increases elastically from where the sheet starts to harden uniformly. Slightly beyond ε = 0.2 the peak force is reached, as marked in the figure by a circle, and from hereon the sheet starts to lose its strength. A simple analysis of this plastic instability , due to Considère (Nádai, 1950) , is as follows. Throughout the sheet the force relayed must be constant due to equilibrium, i.e.
Initially, an increment in strain ε leads to a uniform increase in force. At a certain stage, however a state is reached where a second solution ε + ∆ε next to ε is possible at the same force F . A bifurcation point is thus reached, i.e. there is no longer a unique solution and some cross-sections of the sheet may follow one equilibrium path, whereas others follow the other. In the limit of ∆ε going to zero we have
which corresponds with the criterion found by Considère. It states that bifurcation into an inhomogeneous deformation path becomes possible when the peak force is reached. After this point more than one solution can be found. One of these paths has a uniform deformation. But next to it, alternative paths become available in which the deformation is localised in one or multiple necks. A single neck is the most critical case and therefore this is the response which is usually observed.
Reconsidering the example, because we are also interested in the post-necking behavior an imperfection is used in this work to trigger the localisation and the equilibrium path, seen in figure 2.6, is obtained. Due to this imperfection, after the bifurcation point, no uniform deformation is possible and necking sets in by a more rapid decrease in area where the strains and stresses localise. The variable η is introduced to characterise the relative thickness strain between the thickness outside the neck, h s , and inside the neck, h n , and is defined as
In the left diagram of figure 2.7 the decrease of both thicknesses h s and h n is given with respect to ε. Both h s and h n first decrease identically to the necking point, from where the area in the neck starts to decrease more rapidly and the area outside the neck stops decreasing so the localisation takes place.
On the right in figure 2.7 the relative thickness strain η as defined by equation (2.3) is given as a function of the applied average strain. Comparing the value of strain at which this variable starts to increase appreciably with the diagram of figure 2.6 shows that the neck initiation is in agreement with the strain at which the peak force occurs.
Combined stretching and bending
As mentioned in the introduction we are interested in the combined stretching and bending of sheets. The deformation is divided into bending and stretching contributions which need to be defined properly. In a segment of sheet which undergoes a certain deformation, a reference surface can be placed. This reference surface is depicted on the left in figure 2.8 by the dashed curve and is placed in the sheet's initial center. Both the curvature and stretch are defined for this surface as κ ref and ε ref respectively and they are taken to characterise the deformation of the entire sheet. A deformation space can be defined which is spanned by these strain measures, where the curvature is normalised by half of the initial thickness as For example, in a tensile test the deformation path follows the ε ref -axis. A sequential deformation path is stretch-bending, where the sheet is stretched followed by bending and this path is depicted in the figure by the dash-dotted line. An other sequential deformation path is bend-stretching, i.e. the sheet is bent to a certain radius and stretched afterwards. This path is depicted in the figure by the dashed line. The simultaneous loading considered also within this report is a linear combination of stretching and bending (solid line).
If the simultaneous deformation is imposed by simply applying a displacement and rotation to both ends of the sheet a problem arises. Applying both at the same time creates unbalanced loads acting on the sheet. This due to the fact that in our definition the force acting on the sheet has to follow the curvature. This results in a net force in vertical direction which is not balanced by any other load acting on the sheet. This is visualised by a schematic representation of the force equilibrium in figure 2.9, in which F comp = 2F v represents the compensation force required to satisfy equilibrium.
For this reason the bottom of the sheet must be supported at all times to maintain a constant Figure 2 .9: Unvalance in vertical equilibrium due to a net force in vertical direction.
curvature. A way to achieve this even for evolving curvatures is to use a deformable support. By controlling the shape of this support the curvature of the inner surface can be prescribed at all times and care is taken of the vertical compensation force F comp . In stretching the sheet is pulled over the support.
In the literature the influence of curvature during stretching has been investigated. Charpentier (1975) observed an increase in stretching limit for smaller punch curvatures during experiments. Charpentier explained this finding by the induced strain gradient through the thickness caused by the bending contribution. The work of Shi and Gerdeen (1991) showed good agreement with the experimental findings of Charpentier, by theoretically predicted FLDs in punch stretching based on the M-K method by introducing a strain gradient term in the constitutive equation. Yoshida et al. (2005) studied fracture limits in sheet stretch bending. On the assumption that fracture occurs when the force reaches a maximum, a limit wall stretch is given as a function of the punch-radius. But in this analysis the focus is on die-corner fracture.
Material model used
The material data used throughout this report is for grade A 37 steel, a much used material in ship building. The local true stress-strain behavior can be represented using a modified power law hardening relation
with σ y0 the initial yield stress, K the hardening modulus,ε p the equivalent plastic strain and n the strain-hardening exponent. In this work the material is assumed to be isotropic and rate and temperature effects are neglected. The different material constants and the strain-hardening curve can be obtained from a fitting procedure using MATLAB curve fitting toolbox on data obtained from the Schelde Naval Shipbuilding (Broekhuijsen, 2003) . The curve is given in figure 2.10 and the parameters in table 2.1. 
Numerical simulations
Using the finite element package MSC.Marc Mentat a finite element model has been constructed. Using this model different deformation paths can be simulated. In this chapter the numerical methods by which the model has been built are discussed. The deformation of the sheet is prescribed by using boundary conditions which vary in time. Results are shown for both sequential and simultaneous bending and stretching.
Finite element model
Within MSC.Marc Mentat half of the sheet is discretised into 80 x 32 = 2560 plane strain eight-node quadrilateral elements with reduced integration. A verification of this choice of the mesh density can be found in appendix A. The length of the total sheet is five times its thickness. In figure 3 .1 a schematic representation of the model is given. On the left side a symmetry plane is used to account for the fact that only half of the sheet has been modeled; nodes on this edge are free to move only in vertical direction. The right edge is connected to a rigid body so that nodes on it can slide along the rigid body, but their displacement is otherwise confined by it. The right bottom corner node of the sheet is the control node for the rigid body, on which displacements u, v and a rotation φ can be prescribed in time. The moment exerted on the rigid body is defined as the moment around the control node and is therefore relative to the bottom of the sheet. The bottom surface of the sheet rests on a support which consists of line elements. Each node of this support, except the first, is given a displacement in vertical and horizontal direction so its motion and therefore its shape is fully prescribed. Contact between the support and sheet is modeled using a frictionless touching condition and an analytical, smooth boundary description. Localisation is triggered by reducing the width of the sheet, in the direction perpendicular to the plane of the sketch of figure 3.1, in the first column of elements along the symmetry plane by 1%; also the magnitude of this imperfection is verified in appendix A. 2 . Note that this means the thinning and thickening of the sheet is neglected in prescribing the deformation. Rewriting this assumption leads to
The stretch of the reference plane is defined as the logarithm of its deformed length divided by the original length l 0 . The rotation angle ϕ can be expressed in terms of the bottom and reference surface as
Substituting equation (3.1) into (3.2) and rewriting leads to
the displacements u, v can be expressed in terms of the rotation angle ϕ as
The motion of the nodes of the support is determined in the same manner. Relations (3.1)-(3.5) allow one to determine u, v and ϕ as a function of time for a given evolution of
In all results presented in this chapter the reference surface strain and curvature ratesε ref anḋ κ ref have been kept constant to obtain straight lines in the deformation space of figure 2.8.
Results
In this section results of the finite element simulations for the different deformation paths discussed in chapter 2 are presented. First the results of the two sequential deformation paths are discussed and subsequently those of the simultaneous loading paths. In prescribing the deformation with κ ref and ε an error is made by assuming the thickness does not decrease.
Sequential loading; stretch-bending
In stretch-bending the sheet is first stretched to a prestretch ε pre ref from t = 0 to t = 0.5 at a constant stretch rateε ref and subsequently an increase in curvature κ ref takes place at a constant curvature rateκ ref between t = 0.5 and t = 1. The reference strain is kept constant during the curvature increase. The prestretching is done in such a way that the point of necking is never reached. As a result, the sheet hardens uniformly and its thickness decreases prior to bending. At t = 0.5 the deformation is switched from stretching to bending so that the curvature starts to increase. In figure 3 .3 the deformation of the sheet is shown at t = 0.5 and t = 1. The colors represent the equivalent von Mises stress. At t = 0.5 the sheet has hardened uniformly due to the prestretch and at t = 1 the stresses remain constant along the circumference.
In figure 3 .4 the distribution of equivalent plastic strainε p across the thickness of the sheet is given for a prestretch ε pre ref = 0.2 at t = 0.5, i.e. after the first phase of the deformation, and at t = 1, i.e. at the end of the deformation. From this figure and from figure 2.10 it can be concluded that the prestretch leads to uniform hardening in the sheet before the increase in curvature starts. During bending fibers at the top of the sheet are stretched even further and fibers near the bottom are compressed. Note that the neutral surface between these zones does not correspond with the initial center of the sheet due to the large deformations which occur. In the diagram on the left in figure 3.5 the normalised moment is given for increasing reference surface curvature for the second phase of the deformation, i.e. the prestretching has stopped and the sheet is now bent. The curves in the diagram represent the deformation paths with pre-strains ε The reduction of the thickness of the sheet during prestretching leads to a lower bending moment of sheets which have undergone a larger amount of prestretch, as can be observed in figure 3.5. Furthermore, as a higher prestretch implies a lower hardening rate (figure 2.10), the slope of the curves is lower for high ε In the diagram on the right in figure 3.5 the thickness is given as a function of time. Whereas the thickness decreases during stretching, it nearly stops decreasing when the curvature starts to increase. Note that some thinning still occurs during bending, by a maximum of 1.5%. This is a known effect for large curvature bending (Zhu, 2006) .
As a result of the virtually constant cross-section during bending, no necking is expected, because the mechanism needed for necking, geometrical softening, is no longer active. Indeed the finite element simulations do not show any necking during stretch-bending.
Sequential loading; bend-stretching
In bend-stretching the sheet is first prebent from t = 0 to t = 0.5 to a certain curvature This implies that after t = 0.5 the curvature of the support is fixed and the sheet is pulled over the support. In figure 3 .6 the deformation observed in the finite element simulations is shown for the two stages of deformation. The colors represent the equivalent von Mises stress. The first picture is at t = 0.5, so immediately after bending, and the second at t = 1, where the simulation has ended and the stretching has stopped. At the latter stage, clearly a neck has formed at the symmetry axis. Note that at the bottom surface the neck remains in contact with the support.
During prebending the cross-sectional area of the sheet does not decrease significantly. However, the material is hardened and the amount of hardening depends on the radial position within the sheet, as can be seen in figure 3.7 where the equivalent plastic strainε p is given as function of the normalised original thickness y0 h0 for two stages during the deformation. The first curve is for t = 0.5, where the inhomogeneous equivalent plastic strain is caused by the bending. After this point the stretching starts and the equivalent plastic strain increases uniformly. The second curve is for t = 0.67, when the peak force is reached. On the left in figure 3.8 the normalised force is given with respect to the reference strain for the prebend curvatures In the force-strain curve the peak force is marked by a circle. Increasing the prebending results in an earlier peak force.
In the diagram on the right in figure 3.8 the normalised thickness is shown as a function of the reference strain. After the point the sheet starts necking the thickness, which is taken outside the neck, stops decreasing due to the fact the sheet starts to relax outside the neck.
The neck initiation is visualised in figure 3.9, in which η is given as function of the reference strain. The occurrence of 1, 10 and 20% thickness difference ∆h between inside and outside the neck is indicated by the diamond, triangle and upside down triangle respectively; these values correspond with η = 0.01, 0.11 and 0.22. From this figure it can be concluded that with increasing prebend the neck initiation is promoted. Comparing this trend with that of figure 3 .8 (left) shows that it corresponds with the earlier peak force observed for a higher level of prebend. The correlation between peak force and the onset of necking can be made visible when the obtained peak force, peak moment and relative thickness strain are given in the deformation space, as has been done in figure 3.10. From this diagram it can be concluded that the peak force is a good predictor for neck initiation in bend-stretching. 
Simultaneous loading
During simultaneous loading, the curvature and reference surface strain are increased linearly during the time interval from t = 0 to t = 1 at a constant curvature and strain rateκ ref andε ref respectively. A parameter γ is introduced which indicates the relative amount of bending and which is defined as
A small γ implies a small fraction of bending deformation whereas a large γ leads to a bendingdominated deformation path.
In figure 3 .11 the deformation and stress observed in the finite element simulation for γ = 0.4 is given at two stages. The first state is at t = 0.5 and the second is at t = 1. In the latter a neck has formed at the symmetry plane. Note that during the simulation the curvature of the support and thus the curvature of the bottom of the sheet is increased while the sheet is simultaneously stretched.
In figure 3 .12 the equivalent plastic strain distribution across the initial thickness of the sheet is given for three different stages during deformation. The average deformation as well as its slope increase monotonically as the sheet is stretched and bent. The equivalent plastic strain is not increased uniformly, as seen in the bend-stretching, but is dependent on the radius within the sheet due to the simultaneous curvature increase. On the left in figure 3.13 the normalised force as a function of the reference strain is given for a range of γ from 0 to 5; the peak force is indicated by a circle. The arrow indicates the direction of increased γ. On the right the corresponding normalised moment around the inner surface is given as a function of the true reference strain. Here the peak is indicated with a square. Due to the fact that in this figure the moment is given as a function of the reference strain, one may be misled by the magnitude of the deformation, but the lowest curve in the figure, γ = 5, is where the curvature is increased to In the left diagram in figure 3.14 the normalised thickness as a function of the reference strain ε ref is given upon to the point where 1% relative thickness strain is reached. The neck initiation can also be visualised by plotting η versus the strain of the reference surface, as has been done in the right diagram in figure 3.14. From this graph it can be seen that increasing γ leads to a retardation of the neck initiation. This trend is opposite to that observed in bend-stretching loading path and it also does not follow the trend of the peak force or peak moment. This means that for the simultaneous loading the peak force is not a good predictor for the initiation of a neck.
So the introduction of extra hardening in some parts of the sheet, caused by the bending, provides a stabilizing effect. This trend is also visible when the obtained peak force, peak moment and relative thickness strain are given in the deformation space for a range of γ, which can be seen in figure 3 .15. Increasing γ results in a retardation of neck initiation op to a point, γ > 0.71, where in this diagram necking does not occur at all. In this region a fracture development seems more plausibel as a failure criteria. But this mechanism is not implemented in the finite element simulations and thus cannot be observed. This figure clearly demonstrates that for the simultaneous deformation path is clearly visible, the peak force nor peak moment is a good prediction for the neck initiation.
Discussion
From the different loading paths considered so far we can learn that the application of curvature to a sheet may increase or decrease its stretchability, depending on whether it is applied in a simultaneous or sequential fashion. In the latter case, even the order of application is of importance.
In stretch-bending the hardening during stretching takes place uniformly throughout the sheet and the thickness of the sheet decreases. However, during the subsequent bending the thickness hardly changes anymore and no necking therefore occurs.
In bend-stretching the sheet is hardened during the bending phase. As a consequence the hardening rate during stretching is lower than for a straight sheet without prebending. Since the thickness decrease during stretching is unaffected by the prior bending, this leads to earlier necking of the sheet. Actually the bend-stretching deformation can be compared with a simple tensile test of sheet which has been pre-hardened.
Simultaneous bending and stretching results in a higher hardening rate compared with pure stretching at the top of the sheet, but a lower hardening at the bottom. The thickness evolution is relatively unaffected by the bending component. The peak force nor peak moment is a good neck initiation predictor. For this reason an analytical will be made in following chapter to find a better predictor.
Chapter 4 Semi-analytical model
In the first part of this chapter (sections 4.1 to 4.4) a semi-analytical model of combined stretching and bending is presented. We develop this model for a twofold purpose. On the one hand it delivers expressions for the force and moment for the deformation as characterised by the two parameters ε and κ. On the other hand a generalised bifurcation condition is derived from them, to be able to predict neck initiation for the simultaneous deformation. Due to the large strains the model must be geometrically non-linear. The material behavior is assumed to be rigid-plastic, so the elastic contribution is neglected. The deformation is considered to be uniform along the sheet, i.e. there is no variation of deformation and stress in the tangential direction.
The predictions made by the semi-analytical model are confronted with the numerical results for the simultaneous deformation. Subsequently the sensitivity of the bifurcation with respect to the parameters and hardening behavior used in the material model is studied. Reaching a certain state in the deformation space, with corresponding reference stretch and curvature, can be done using both sequential and simultaneous deformation. Using a simple example the differences in terms of necking between the used deformation paths is shown.
Kinematics
In figure 4.1 the deformation map between an deformed, current and an undeformed, reference state is depicted. The kinematic assumptions made are a plane strain condition in z-direction, isochoric deformation, each cross-section remains straight and perpendicular to the sheet faces and the top face is able to move freely whereas the bottom surface follows the curvature and strain imposed by the support. The deformation of the sheet is characterised by the curvature of its bottom surface, κ, and the tangential strain of the bottom surface, ε.
In the undeformed reference state a position vector X of a material point with respect to the Cartesian basis { e x , e y , e z }, depicted in figure 4.1, is defined as X = x 0 e x + y 0 e y + z 0 e z (4.1)
A cylindrical basis is used in the deformed current state. Its origin is fixed and the sheet moves towards it as its curvature increases. The position vector x of a material point is denoted in the cylindrical basis { e r , e θ , e z } as x = r e r (θ) (4.2) where r and θ are functions of the initial coordinates x 0 and y 0 of the material point. The angle θ can be written as the current length of the initial segment x 0 of the bottom surface , x 0 e ε , divided by its radius Substituting (4.3) and (4.5) in (4.2) allows one to express the current position of a material point x, entirely in terms of its coordinates x 0 , y 0 in the reference configuration.
The velocity of the material point can be determined by differentiating (4.2)
v =˙ x =ṙ e r + rθ e θ (4.7)
The velocity vector has two components, namely the rate of change of the radius. Differentiating the radius r according to (4.5) leads tȯ
And differentiating the angle θ given by (4.3) tȯ
Substituting equations (4.8) and (4.9) into equation (4.7) finally leads to the velocity
Taking the gradient in the current configuration and symmetrising the result yields the rate of deformation tensor
( e θ e θ − e r e r ) (4.11)
From the rate of deformation tensor the equivalent strain rate can finally be determined aṡ
Statics
Consider the equilibrium of a small through-thickness segment of the sheet. In figure 4 .2 a schematic representation of such a segment in the current state is depicted. In it, we have assumed θ = 0 for convenience. The stresses exerted on it by the remainder of the sheet are characterised by forces F and F + ∆F and moments M and M + ∆M around the bottom surface of the sheet. Furthermore at the bottom a pressure p is applied by the support to maintain the curvature κ. Expressions for the tangential force F and the bending moment M as a function of the deformation parameters ε and κ can be obtained by integrating the expression for the tangential stress as
These expressions are further elaborated in section 4.3. which after dividing by ∆θ and taking the limit of ∆θ going to zero yields
This equation shows that F κ + M should also be constant.
Vertical equilibrium, finally, leads to a relation between the force F and the pressure p which reads
The static equilibrium equations in tangential direction (4.16) and (4.18), can be written in matrix form. If we introduce a column of dimensionless parameters which determine the deformation equations as ẽ = [ε h0
2 κ] T , equilibrium can be written as
where Φ is defined as
(4.21)
Tangential force and bending moment
A convenient way to obtain expressions for the tangential force and moment in terms of ε and κ is to formulate the internal and external power associated with the deformation process for a segment of sheet as depicted in figure 4.3. Conservation of energy states that the internal power P i must equal the external power P e and thus P i = P e = P . The external power is given by the traction vector acting on the boundary S of the segment multiplied by its velocity v. Per unit of angle θ this gives
The vertical edge in figure 4.3 coincides with the symmetry plane and therefore the velocity is zero on it. The top edge is free to move and therefore does not experience any traction. Equation (4.22) may therefore be reduced to
Substituting the radial and tangential velocity from equation (4.10) into the above equation leads to
Using the expressions for the force (4.13) and moment (4.14), as well as relation (4.19) between p and F , finally the external power can be written in terms of the force and moment as
This result shows that general expressions for the moment and force are
The internal power per unit of angle can be calculated by integration of the plastic work rate over the volume V of the segment of sheet as
Due to the uniformity in tangential direction and the fact that the out-of-plane width is set to unity, equation (4.27) can be simplified to
Substituting the equivalent strain rate (4.12) gives
The above expression is formulated on the current configuration and therefore requires the current equivalent stressσ as a function of r. The current stress, however, depends on the deformation history of a material point -not a spatial point. It is therefore convenient to transform the integrals in (4.29) to the reference configuration. This can be done by substituting equation (4.5) and results in
whereσ can now be evaluated by integrating the hardening law obtained in section 2.5 for a material point y 0 . By integration of equation (4.12) the equivalent strain can be obtained. 
For the power law hardening considered here, the above expressions cannot be evaluated analytically and thus are evaluated numerically using a trapezoidal method (Adams, 1999) .
Bifurcation condition
In a simple tensile test the bifurcation condition according to Considère is found by searching for the point where the axial force F becomes insensitive to variations of strain, i.e.
∂F ∂ε = 0, as explained in section 2.3. As we have seen in the previous chapter, for a more complex deformation where a curvature is introduced this condition does not necessarily hold anymore. Here we derive a generalised bifurcation condition by introducing perturbations of the strain and curvature.
For the deformation considered here, equilibrium is governed by the generalised force Φ -see equation (4.20) . Bifurcation may occur when a second deformation path ẽ + ∆ẽ can be found, next to the primary solution Φ (ẽ), which does not affect Φ . Similarly as in section 2.3, in the limit of ∆ẽ going to zero we have
for ∆ẽ = 0, where K is the sensitivity of Φ with respect to ẽ:
A nontrivial solution ∆ẽ implies that the matrix K must become singular. This means that bifurcation may occur when the determinant of the matrix K becomes equal to zero.
In order to determine expressions for the elements K ij of K recall the expressions for the force and the moment expressed in the reference state, (4.32) and (4.33). The variations of the equivalent stress with respect to the strain and curvature can be written as With this information we obtain expressions for the elements of K which read
2(e ε + κy 0 ) (e ε + 2κy 0 ) 2 −σ e ε (e ε + 2κy 0 ) 2 dy 0 (4.38)
2 (e ε + 2κy 0 ) 2 dy 0 (4.39)
2 κe ε (e ε + 2κy 0 ) 2 −σ e ε + 2κy 0 + 2y
2 κ(e ε + 2κy 0 ) 2 dy 0 (4.40)
In the semi-analytical model the bifurcation definite integrals (4.38) to (4.41) have to be evaluated numerically due to the fact no explicit integration is possible. The integration is done using a trapezoidal method (Adams, 1999) . The singularity of matrix K is detected by inspecting the sign of det(K ).
Force and moment curves
In figure At the end the slopes of the numerical curves deviate from the analytical ones. This is due to the fact the sheet starts necking. This is not captured by the analytical model, which assumes uniform deformation. In the curves the point of bifurcation, obtained by numerical evaluation of the set of integrals in equations (4.38)-(4.41), are marked by a cross. The analytical model predicts the force and moment curves quite accurately.
In the diagram on the left in figure 4.5 the normalised thickness as a function of the reference strain is given. Also here the dashed curve represent the numerical response and is confronted with the analytical obtained thickness evolution from equation 4.6. The analytical model predicts the thickness quite accurately. The relative thickness strain extracted from the FE simulations is given as a function of the reference strain is given in the right diagram. In this figure the bifurcation point clearly lies at the neck initiation, which indicates the bifurcation condition is a good predictor of the onset of necking. 
Necking diagram
The analytical bifurcation points for all simultaneous deformation paths are presented in the deformation space as defined before in figure 4.6. The numerical data presented in this figure for comparison is that of figure 3.15. For the tensile test, γ = 0, where the ε ref -axis is followed, the 1% relative thickness strain and bifurcation point coincide. If a small curvature is introduced this relative thickness strain are as well as the 10 and 20% relative thickness strains retarded. Increasing the curvature even further, so increasing γ, the 1% relative thickness strain seem to converge to the bifurcation point again. This trend is not well understood. Overall the bifurcation condition proposed earlier in this chapter shows good agreement with the occurrence of necking as signalled by the relative thickness strain and thus seems to predict the neck initiation. It also picks up the trend that adding a bending component to he reference strain increases the deformation limit, as well as that no necking at all is observed for γ > 0.71. In this regime an alternative criterion (or multiple criteria) are needed which predict the mechanisms governing the deformation limit here.
Material parameter variation
Because all the simulations so far where performed using the same set of parameters for the material model it is interesting to study the sensitivity of the bifurcation condition to these parameters. This is done here using the semi-analytical model for the simultaneous deformation. For three different sets of parameters next to the previously used set. An overview is given in table 4.1. In every case the material model has been varied by changing one of the parameters considerably. The corresponding yield stress as a function of the equivalent plastic strain is given in figure 4 .7.
The previously used material model is represented by case 1. In case 2 the hardening exponent is reduced resulting in a higher initial hardening. Case 3 is changed with respect to the original material model by significantly lowering the initial yield stress. Finally, in case 4 the hardening parameter K is lowered, resulting in much lower hardening over the whole domain. The points of bifurcation are evaluated for a range of γ from 0 to 5 for every parameter set. These points form curves in the deformation space as can be seen in figure 4.8. From this figure it can be concluded that the use of different hardening relations has a considerable effect on the initiation of necking. Parameter sets with high hardening rates, i.e. where the stress is increased at a higher rate, result in a retardation of necking compared with sets using lower rates. Lowering the initial yield stress but keeping the rate of hardening the same with respect to the equivalent strain results in a retardation of neck initiation. Using the finite element model discussed in chapter 3 the simultaneous deformation of γ = 0, which is a tensile test, is simulated using above sets of parameters to gain more insight in the neck initiation. On the left in figure 4.9 the strain-force curves are given. The peak force is marked with a circle. The corresponding normalised thickness as a function of the reference strain is given on the right. As can be seen from the thickness curves, the decrease in thickness is coupled to the reference strain, ε ref . The necking initiation is only dependent on the chosen hardening relation since the area decreases at the same rate. The hardening rate is the lowest in case 4 so this will fail first, followed by case 2 and 1. For low equivalent plastic strains the hardening rate of case 2 is higher then case 1, but for higher equivalent plastic strain the hardening rate of case 1 is higher. For this reason case 2 fails earlier than case 1. Case 4 fails last, which can be explained by the low initial yield stress, which results in a relatively high amount of hardening.
For the simple tensile test, assuming rigid-plastic material and a plane strain state, the force as a function of the strain (setting κ equal to zero in equation (4.32)) can be approximated by
As shown before in section 2.3, the point of bifurcation can be found by determining the strain at which the condition ∂F ∂ε = 0 is valid. Differentiating equation (4.42) with respect to the axial strain ε and setting the result equal to zero leads to
The bifurcation points can finally be found by solving function (4.43) for the axial strain for a given set parameters of table 4.1. The points of bifurcation thus obtained coincide with the points of peak force obtained with the finite element simulations. The same points are also recovered from the generalised bifurcation criterion for γ = 0 and figure 4.8 shows that the trend observed for the different sets of material data in pure tension persists as a bending component is added to the deformation.
Linear vs. nonlinear hardening
The difference between linear hardening and nonlinear hardening is compared in this subsection for the simultaneous deformation. This is done to compare the effect of different hardening rates at the top and bottom surface. The linear hardening is obtained by setting the hardening exponent in the material model equal to unity. By doing so the hardening rate becomes independent of the equivalent strain. The difference in parameters of the material model is given in table 4.2. Again using the semi-analytical criterion the points of bifurcation are obtained for a range of γ from 0 to 5. These points form curves in the deformation space which are given in figure 4.10. Although the initial hardening rate is much larger for the nonlinear hardening case necking is initiated earlier. The linear hardening law gives rise to a stronger retardation of neck initiation, which is the result of the constant hardening rate over the full range of equivalent plastic strain. This effect is increased for higher values of γ, resulting in a larger difference in equivalent plastic strain rate at the top surface compared with the bottom surface. This does not affect hardening rate of the linear hardening law but has a large influence on the nonlinear hardening as the rate decreases for large equivalent plastic strain values. 
Deformation path dependence; an example
To emphasize the relevance of path dependence in the realisation of a state in the deformation space without the initiation of necking, three different deformation paths to one single final state are considered. The point within the deformation space is marked by the dot in figure 4.11 and has a normalised curvature of On the left side in figure 4 .12 the normalised thickness as a function of the reference strain is given. Both the sequential as the simultaneous loadings show the same thickness reduction rate with respect to ε ref . The fact that the curve of the simultaneous loading reaches a lower thickness is due to the fact that both sequential loadings initiate a neck before the desired state is reached. On the right side the corresponding relative thickness strains are given as a function of the imposed reference strain. From this figure it can be seen directly that both sequential loadings result in necking before the desired state is reached, whereas the relative thickness strain of the simultaneous loading remains approximately zero. So only the simultaneous deformation path reaches the desired state without neck initiation. This is visualised in figure 4 .13 where the results are shown in the deformation space. The arrows in the figure point in the direction of the followed deformation. In the stretch-bending deformation the bifurcation point is depicted by the cross. In the bend-stretching deformation the peak force is marked by the cross. Under the bend-stretching loading the sheet necks earlier than in the stretch-bending in terms of the reference strain. This is due to the hardening initiated by the bending prior to the stretching. The stretch-bending even results in failure before the bending can take place. The introduction of a strain gradient in the sheet by the simultaneous bending during stretching delays the initiation of necking sufficiently to reach the desired state.
Discussion
The analytically obtained bifurcation points show good agreement with the neck initiation observed in the numerical simulations. The introduction of simultaneous curvature increase during stretching results in strain gradients trough the thickness of the sheet, which causes a strong delay of necking in terms of applied reference strain.
Conclusion and outlook
An analysis of sheet necking under combined stretching and bending has been performed. In order to gain more insight in the response of sheet-metal during such loading, the deformation is divided into bending and stretching contributions. The influence of the deformation path on in particular the initiation of necking is studied in detail by the use of a numerical model. Within the deformation the order of curvature and stretching increase played a crucial role. From the numerical results we learn that the increase in curvature improves or reduces the stretchability of the sheet. During stretch-bending no necking is observed at all, which is caused by the constant thickness during bending. In bend-stretching the introduced prebend promotes neck initiation during the following stretching phase. This is caused by the hardening introduced in the bending phase. In this deformation path the peak force gives a good prediction for the initiation of a neck. Stretching with simultaneous curvature increase delays the initiation of necking considerably compared to solely stretching. The deformation is stabilised as a result of the strain gradient introduced by the continuously increased bending. Here the peak force and moment did not provide a good neck initiation prediction.
For the simultaneous loading a semi-analytical model has been constructed. This model not only delivered accurate force and moment relations, but also delivered a generalised necking condition derived from the bifurcation condition. Evaluation of this generalised bifurcation condition, for different amounts of curvature increase, showed good agreement with the numerical findings. One of the main goals of this work was to predict the initiation of necking during stretching of sheet-metal under large curvature bending. This goal is reached by the delivery of this generalised necking condition which predicts the initiation of necking.
With respect to the long-term objective to develop an enhanced shell element in which the limitation of the conventional element is removed, the first necessity is obtained, namely the prediction of neck initiation. However the semi-analytical bifurcation condition must be implemented in the element. In the proposed bifurcation condition the elements of matrix K , the definite integrals of (4.38) to (4.41), must be evaluated numerically and the sign of K inspected. The elements of K depend on the used material model together with the strain and curvature of the bottom surface and the initial thickness of the sheet. The strain and curvature can be taken from the geometry of the deformed element. Subsequently when the point of bifurcation is reached during a deformation, adaptation between the element is needed.
In figure 4.14 a possible solution for the post-necking is shown schematically. Two shell elements are shown with an enhanced shell element in between which forms the coupling between the elements. It can be seen as an extra element with initial a length of zero. The adjacent nodes can be seen as one before the bifurcation is reached. When the sign of K changes, the enhanced element is able to open and form the coupling between the elements; the coupling between F and M on the one hand and the local displacements, u 1 and u 2 , and local rotations, ϕ 1 and ϕ 2 on the other. The enhanced shell element substitutes the remaining force and moment curve (dashed line in the figure) after the point of bifurcation is reached between the thin lines. The conventional shell elements outside the enhanced shell element behave as normal.
Appendix A
Sensitivity
The finite element model must be studied with respect to the sensitivity to the imperfection made and the number of elements. The sensitivity of the plane strain elements with respect to element density and the imperfection which triggers the localisation will be shown for three types of loading, namely a tensile test, a bending test and a simultaneous loading test. The finite element model consists of plane strain eight-node quadrilateral elements with reduced integration. The choice of using higher order elements is to prevent possible locking and to describe the bending more accurately. Conventional elements can produce volumetric locking for nearly incompressible behavior. The reduced integration is used to reduce computation costs.
A.1 Mesh density
First the mesh density sensitivity for the stretching deformation will be investigated where a stretch of ε ref = 0.3 is imposed with constant stretch rateε ref and the curvature will be kept zero, 
n e = 40 n e = 160 n e = 640 n e = 2560 n e = 10240 In figure A.1 the results are shown. Post peak behavior does not depend on the the mesh densitiy. From the force peak on a small mesh dependence is visible. The elements near the symmetry line will enter the softening region first and start necking by a more rapidly decrease of area. Continuously increasing the mesh density results in convergence of the force stretch curves into one solution. Refining the mesh more than n e = 2560 is unnecessary as one step further only improves the solution marginally and is outweighed by the increase in computation cost.
The variable η is introduced to characterise the relative thickness strain between the thickness outside the neck, h s , and inside the neck, h n , and is defined as
In the following figure the relative thickness strain η is given with respect tot the reference surface strain. From this figure can be concluded that for every mesh density necking starts with the same amount of stretch. Only the thickness of the sheet inside the neck, h n , differs between the mesh densities. Also here the convergence to one solution is clearly visible. So using 2560 elements suffice for the tensile test. 
n e = 40 n e = 160 n e = 640 n e = 2560 n e = 10240 The following loadcase is the bending case where the reference surface curvature is increased up to Also here the conclusion holds that increasing the amount of elements results into convergence into one solution. The curves of the lower mesh densities of n e = 40 to n e = 640 show some nonsmooth behavior which comes from the smaller amount of integration points through the thickness compared with higher densities. This trend seems to disappear when using 2560 elements. The element density needed for the stretching suffices for the bending as well. Within the bending loadcase no necking is observed.
At last the loadcase is tested where the reference surface stretch and curvature is simultaneously linearly increased to ε ref = 0.4 and Above figure shows the results with on the left side the normalised force with respect to the reference surface strain and on the right the normalised moment around the inner surface with respect to the reference surface curvature. The force seems to converge to one solution and in the moment curves no large differences can be found.
Concluding from figure A.5 again as in the tensile test all the densities used give the same neck n e = 40 n e = 160 n e = 640 n e = 2560 n e = 10240 initiation and the curves converge to one solution so using a mesh density of n e = 2560 suffices for all the loadcases thus can be used in the actual simulations.
A.2 Imperfection
In the symmetry plane an imperfection has been made to trigger the localization. This imperfection is achieved by decreasing the in-plane width of the sheet. In order to study the effect of size of this imperfection on total behavior the imperfection is varied in the model using n e = 2560 from 0% to 10% width reduction. Results are compared with the behavior using no imperfection. The loadcases used are a tensile test where the reference surface stretch is increased linearly to ε ref = 0.25, a bending test where the reference surface curvature is increased to In figure A.6 the results are shown for the tensile test. The most top curve is the curve without imperfection. This leads to a equilibrium path with uniform deformation and no necking occurs.
Increasing the imperfection increases the softening post to the force peak, i.e. the necking point, where the 10% width reduction leads to very large softening. Because we are also interested in the post necking behavior the imperfection of 1% width reduction can be a safe choice. In the figure A.7 the results are shown for the bending test. From the figures can be concluded that the imperfection has no significant influence on the total deformation behavior. The 10% width reduction of the first column of elements only marginally lowers the bending moment. So again choosing a width reduction of 1% is a safe choice. At last the imperfection sensitivity is tested on a simultaneous loading where the reference curvature of From figure A.8 can be concluded that the 10% width reduction results in a much earlier necking initiation and large increase in softening. Other smaller reductions of 1% to 0.1% only result in marginal differences in both behavior and necking initiation. The moment curves do not suffer from the width reduction as can been seen in the right figure below. This can be explained by the fact the largest share of the bending stiffness is obtained from the thickness of the sheet rather than the width. This is caused by the second moment of area of a simple beam which is related to the thickness by a cubic relation as stated by the simple beam theory (Fenner, 1999) . Besides the overall behavior the initiation of localisation is observed. This is done by determining the relative thickness strain η during the simulation and can be observed in figure A.9 where this strain measure is given as a function of the reference strain. Also here can be seen that the 10% thickness reduction results in a necking initiation at a lower strain compared with the 0.1% and 1% width reduction. Choosing no imperfection will not lead to neck initiation in the tensile test and therefore concluding that both 0.1% and 1% can be chosen without large sensitivity.
